Further development of a novel mesh-free method for eigenvalue analysis of thin plate structures with complicated shapes is presented in this paper. A mesh-free method used the moving Kriging interpolation technique for constructing the shape functions, which possess the Kronecker's delta property, is formulated. Thus, it makes the present method efficient in enforcing the essential boundary conditions and none of any special techniques are required. The present plate theory followed the classical Kirchhoff's assumption and the deflection is in general approximated through the moving Kriging interpolation. Also, the mesh-free formulations for the vibration problem are formed in a simple way as finite element methods. The orthogonal transformation technique is used to implement the essential boundary conditions in the eigenvalue equation. A standard weak form is adopted to discrete the governing partial differential equation of plates. Some numerical examples are attempted to demonstrate the applicability, the effectiveness, and the accuracy of the method.
Introduction
Plate structures usually play an important role in a variety of structural mechanics. The applications of such plates generally are of great importance and usefulness in reality. Normally, finding an exact solution for these plate structures by analytical approaches is obviously very difficult. Due to significant advantages of the computers and numerical methods one now tends to find an approximate solution rather than the exact one. However, they are always in great demand by the engineering inherent discipline. Numerical methods such as finite element methods (FEM) have been successfully applied to analyze thin structures. However, it is not easy to conveniently construct conformable plate element, i.e., C 1 consistency of higher order as required for thin plates. Among the numerical methods, the extended finite element method (X-FEM) was recently proposed by Belytschko and Black [1999] and soon after promoted by Moes et al. [1999] by substantially adding an appropriate enrichment function into the traditional finite element approximation function in terms of the concept of partition of unity introduced by Melenk and Babuska [1996] . The X-FEM is mainly aimed to model discontinuities. Also, a new class of mesh-free methods [Atluri, 2004; Atluri et al., 1998; Belytschko et al., 1994; Liu, 2003; Li and Liu, 2004] has emerged as an alternative way for solving partial differential equations using a set of scattered nodes in the problem domain regardless of "element" or "mesh". It has been extensively used for many different problems in engineering. However, most recent mesh-free methods have the same problem of the lack of the Kronecker's delta property. This evidently leads to a difficulty in the enforcement of the essential boundary conditions. Thus, it is easily seen that many efforts have been devoted in order to eliminate the difficulty in enforcing the boundary condition in various ways such as Lagrange multipliers [Belytschko et al., 1994] , penalty method [Liu, 2003] , coupling with the FEM [Belyschko et al., 1995] , etc. The present study is a further development from previous works [Bui et al., 2009] , for free vibration analysis of classical plates using the meshless moving Kriging interpolation method. One of the superior advantage of the present method over the conventional methods, e.g., moving least-square approximation, is that the capability of getting rid of such drawback of imposing the boundary conditions. In other words, most mesh-free methods have developed based on the displacement-based approaches. In contrast, an equilibrium-based mesh-free model based on a stress approach has been developed for elastic problems [Duflot et al., 2002; Bui, 2005; Bui et al., 2006] .
A large number of studies accounted for plate structures have been reported. They can easily be found in the literature and some of them are reviewed as follows: the authors recently used the method to static flexural investigation of Kirchhoff plates [Bui et al., 2009] . Krysl and Belytschko [1995] extended the element-free Galerkin method to static analysis of thin plates. Liu and Chen [2001] further applied the element-free Galerkin (EFG) method to static and free vibration analyses of thin plates with complicated shapes. Chen et al. [2004] proposed a meshless method accounted for the free vibration analysis of circular and rectangular clamped plates using radial basis function. Liu et al. [2006] developed the mesh-free Hermitetype radial point interpolation method, and later the method was further extended by Cui et al. [2009] embedding the smoothing strain technique in such a problem. Leitão [2001] also developed a meshless method for static analysis of the Kirchhoff plate bending problems. Liew et al. [2004] and Liew et al. [1997] proposed the moving least-squares differential quadrature method and introduced the differential cubature method, respectively. Meshless LBIE formulations for simply supported and clamped plates under dynamic loading is studied by Sladek et al. [2003] while Simkins et al. [2004] employed the reproducing kernel element method in terms of globally compatible C n (n ≥ 1) triangular hierarchy. Zhou et al. [2006] performed the free vibration of rectangular plates with continuously distributed spring-mass. Recently, Cui et al. [2010] proposed an attractive technique based on the incorporation of various smoothing techniques and radial point interpolation method to static and free vibration analysis of thin plates without rotations, degrees of freedom (DOFs), etc. As mentioned earlier, the paper addresses an alternative approach for constructing the shape functions; the moving Kriging (MK) interpolation is employed which [Gu, 2003] is pioneered. In fact, MK is a well-known geostatic technique for spatial interpolation in geology and mining but its application in mesh-free methods to structural problems is still young and potential. Gu [2003] successfully demonstrated the applicability of the MK interpolation solving a simple problem of steady-state heat conduction. Dai et al. [2003] then made a comparative study between the radial point and the Kriging interpolations for elasticity. A novel approach -Local Kriging (LoKriging) method is introduced by Lam et al. [2004] for two-dimensional cases, where the local weak form of the partial differential governing equations is used. had further extended the LoKriging method for dynamic analysis of structures. Furthermore, some other investigations of the present method to solid mechanics and shell structures are examined by Tongsuk and Kanok-Nukulchai [2004a,b] , and Sayakoummane and Kanok-Nukulchai [2007] , respectively. Recently, Nguyen [2007] also successfully applied the MK-based mesh-free method to numerical simulation of classical thin plates.
The objective of the current work is to further develop the MK-based meshfree method for other problems, and here for eigenvalue analysis of the thin plate structures with different complicated geometric shapes. Several numerical examples are considered in detail. Based on the best knowledge of the authors, no such task has been analyzed once this work is being reported.
Mesh-Free Moving Kriging Interpolation Method
for Free Vibration
MK shape functions construction
In this section, the MK interpolation used for constructing the shape functions and their derivatives is briefly presented. For detailed description of other features one can refer to Gu [2003] , Bui et al. [2009] , and Tongsuk et al. [2004a,b] . Basically, the idea of the MK method is similar to that of the MLS, it is to approximate distribution functions u(x i ) in a subdomain Ω x , so that Ω x ⊆ Ω. It also implies that these values can be interpolated based on all nodal values x i (i ∈ [1, n]), with n the total number of the nodes in
with φ I (x) being the MK shape functions and defined by
3)
The matrices A and B given in Eq. (2.1) are determined by
and
where I is a unit matrix and the vector p(x) is the polynomial with m basis functions
For more clarification, on the one side, the matrix P of size n×m is the collected values of the polynomial basis functions presented in Eq. (2.6) at the given set of nodes
and r(x) in Eq. (2.1) is also given as
is defined as the correlation function between any pair of the n nodes x i and x j ; it is denoted as belonging to the covariance of the field
There exist many functions which could be used as a correlation function [Gu, 2003] . However, a Gaussian function is simply and widely used. A correlation parameter θ is then introduced to best fit the model
where r ij = x i − x j and θ > 0 is a correlation parameter. In this study, the quadratic basis function p T (x) = [1 x y x 2 y 2 xy] is adopted to be used in numerical implementations. In addition, the form of Gaussian exponential correlation functions is provided by Giunta and Watson [1998] . In Eq. (2.10), the correlation parameter θ > 0 is obtained by maximizing the following function:
where the covariance η within Eq. (2.11) is ignored in this study. The quality of MK is heavily influenced by the correlation parameter θ. This correlation factor is studied in more detail in numerical analysis section. In addition, matrix R[R(x i , x j )] n×n is also given in an explicit form
With respect to Kirchhoff plate problems, apart from the requirement of the first-order derivatives, the second-order derivatives are also necessary to be formed. These partial derivatives can be easily obtained by the derivatives of Eq. (2.3)
In addition, it would be interesting in seeing how the MK shape functions and their derivatives up to second order look like, and Fig. 1 is made for such purpose.
Radius of influence domain
One of the other important things in meshless methods is the concept of influence domain where an influence domain radius is assigned to determine the number of scattered nodes within an interpolated domain of interest. In fact, no exact rules can be totally determinable to all types of nodal distributions. As studied previously this issue has a significant effect on the solution. Therefore, it should be chosen somehow to ensure that the problems can be converged. They might also be found in such a similar manner [Liu, 2003] . Often, the following formula is used to compute the size of the support domain.
where d c is a characteristic length relative to the nodal spacing close to the point of interest while α stands for a scaling factor. 
Effect of the correlation parameter on shape functions
In this section, another important point concerning the influence of the correlation parameter given in Eq. (2.11) on the quality of the shape functions is briefly illustrated in two-dimensional setting. Normally, the accuracy of solutions is dependent on the quality of the shape functions. This is therefore evaluated by numerical investigations in the numerical part. The consideration of this issue in one dimension can also be found in the work by Bui et al. [2009] for detail. In the following, Fig. 2 shows a part of the MK shape functions at the corner with four different specified correlation parameters: 0.1, 20, 100, and 1000, respectively. It is evident that the smoothing feature of the shape functions is significantly affected by the correlation parameter. With θ = 0.1, 20, the shape functions are smoother than the others, e.g., θ = 100, 1000. Note that the choice of this parameter totally depends on the experience of analysts. In practice, deriving optimal values of the correlation parameter for all problems is very difficult. It varies from one to another problem and in theory there are no exact rules to get such a single optimal value for all problems. Hence, it is of interest to alternatively evaluate the correlation parameter so that there should exist an acceptable range on its magnitude to ensure consistency in the quality of the results.
Discrete Governing Equation
The governing equations and discretization of the Kirchhoff thin plates are essentially presented in this section. Consider a plate of Ω under a Cartesian coordinate system; the deflections of the plate in the x-, y-, z-directions are denoted as u, v, w, respectively. The plate is represented by a set of scattered nodes in the problem domain of interest. The deflection w(x) with x = {x, y} T is directly approximated using parameters of nodal deflection w I expressed as
where the φ I (x) are known as the mesh-free MK shape functions given in Eq. (2.3), where n is the number of scattered nodes in the support domain at the point of interest. The dynamic equilibrium equation of a plate in a strong form for homogeneous and isotropic can be represented in a fourth-order equation as
where ρ and q z denote the mass density of the materials and the lateral loading, respectively, and
is the flexural rigidity, and E, ν, and h are the Young's modulus, the Poisson's ratio, and the thickness of the plate, respectively. The constitutive equations representing the relationship between the strains and stresses are generally expressed in terms of the generalized Hooke's law [Liu, 2003; Liu and Chen, 2001 ] as
where D is the matrix of constants relative to the material property and the thickness of the plate, σ p and ε p are defined as pseudostrains and pseudostresses. For homogeneous plate, they simply have
In Eq. (3.7), M x , M y , and M xy are components of bending moments and twisting moment, respectively. By means of the Kirchhoff's plates assumption, the deflection w(x) can be independently variable, whereas the other two displacement components u(x) and v(x) can be extracted from w(x). The displacement fields of the Kirchhoff plate also have
For free vibration analysis, the weak Galerkin form of the elastodynamic undamped equilibrium equation can be written as [Liu, 2003 ]
It is noted that free external forces are taken into account for the free vibration analysis of the plate. The dynamic variational form Eq. (3.9) can be rewritten as
Substituting the deflection field w in Eq. (3.1) into the variational form shown in Eq. (3.10), the final undamped dynamic discrete equation for free vibration analysis is obtained as follows
where w, K, and M are the vectors of general nodal deflections, the global stiffness, and the mass matrices, respectively. They are
where I = ρ(h 3 /12) is the mass moment of inertia for the homogeneous plate. It is noteworthy that the first team of Eq. (3.13) is the mass inertia corresponding to the vertical translational vibration. In the case where the thickness of the plate is too small, a very thin plate, the other two teams in the mass matrix standing for rotational inertia corresponding to the rotational vibration can be neglected [Liu, 2003] . As a consequence, a general solution of such a homogeneous equation can be written as
where i is the imaginary unit, t indicates time,w is the eigenvector, and ω is natural frequency. Inserting Eq. (3.15) into Eq. (3.11), the natural frequency ω of the plates can be found by solving the following eigenvalue equation:
The orthogonal transformation technique presented by Liu and Chen [2001] is also used to implement the essential boundary condition in the eigenvalue equation. From here, it can be easily seen that the obtained present formulations for free vibration analysis of thin plates are simple and similar as the traditional FEM.
Numerical Results
The applicability of the proposed method is illustrated by solving various examples of thin plates with different geometries of complicated shapes. The accuracy of the results is very important compared with other numerical approaches and the analytical solutions available in the literature. Four examples are taken into account including a square, a L-shape, a square plate with a complicated hole, and a square plate with four closed holes subjected to the completely free and simply supported boundary conditions. The influence of the scaling factor and the correlation parameter on natural frequencies is also considered.
Only the completely free and the simply supported boundaries are considered throughout the paper, whereas the clamped boundary is not available due to the lack of deflection derivatives in the interpolation functions. The deflection derivatives, i.e., two rotations, must be defined as unknown variables in the interpolation functions. However, these derivatives cannot be imposed directly because no information of such derivatives is involved in the MK approximation functions given in Eq. (2.1). Nevertheless, one possible strategy has been suggested by Liu et al. [2006] and Cui et al. [2009] by introducing an efficient Hermite-type technique embedded in the RPIM, where both deflection and its derivatives are defined as field variables in the interpolation functions. The other strategy is based on the recent work of Cui et al. [2010] who introduced a very interesting study of a development incorporated between various types of smoothing techniques and the radial point interpolation method. The present MK technique might use a similar remedy but it demands a development evidently. However, all these tasks are in general more challenging and beyond the scope of the present work.
Square plate
As seen above the present work is mainly concentrated on free vibration analysis of plates with complicated shapes. For completeness, a thin square plate is considered as the first numerical example with the following parameters: a = b = 10 m, the thickness h = 0.01 m, Young's modulus E = 2 × 10 11 N/m 2 , Poisson's ratio ν = 0.3, and the mass density ρ = 8000 kg/m 3 [Cui et al., 2010] . The frequencies are calculated by the present method for both regular and irregular distributions of 289 nodes subjected to the completely free and the simply supported boundaries. For all the computations, a background cell of 16 Gaussian points is chosen for the purpose of numerical integrations. A scaling factor of 2.8 interpreting the size of the support and a correlation parameter of 5 are used. The natural frequency coefficient
The results of the completely free and the simply supported boundaries are presented in Tables 1 and 2 , respectively. In Table 1 , the first three frequencies corresponding to rigid displacements are zero and not listed in the table. In Table 2 , the first ten frequencies are presented. All the results are compared with the analytical solutions [Abbassian et al., 1987] and the RPIM based on smoothed techniques [Cui et al., 2010] . As a result, a very good agreement for both the completely free and the simply supported boundaries is obtained.
L-shape plate

Free boundary condition
The second example deals with a L-shape thin plate whose geometric parameters are depicted in Fig. 3 . A scaling factor of 2.5 and a correlation parameter of 20 are Note: The first three frequencies corresponding to rigid displacements are not listed. indicated in the computation. Both regular and irregular distributions of nodes are taken and two patterns of 121 and 289 nodes are shown in Fig. 4 . The thickness h = 0.05 m is taken and other material parameters are the same as the square plate. Because no exact solution for this problem is available, an extra solution performed through the standard EFG is implemented as assumed to be a reference one. The implemented results obtained of both methods are listed in Table 3 , in which the first three frequencies corresponding to rigid displacements were not listed. A good agreement between the EFG and the proposed methods can be found accordingly. An investigation of the influence of the scaling factor and the correlation parameter on the frequencies is also examined and their computed NFCs results are presented in Tables 4 and 5, respectively. As it can be observed from the achieved results, the acceptable solutions can be obtained with a value of 2 ≤ α ≤ 4 for the scaling factor and a value of 1 ≤ θ ≤ 100 for the correlation parameter. While, with α = 6, which probably affects on the amount of scattered nodes inside the Note: The first three frequencies corresponding to rigid displacements are not listed.
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influence domain which leads to an expensive computation and a certain influence to the interpolation, a higher error can be seen in this case. It is also found that the error is increased once θ > 100. Figure 5 presents the first 20 eigenmodes of the L-shape plate computed by the present method. Note: The correlation coefficient θ = 20 is fixed. Note: The scaling factor α = 2.8 is specified.
Simply supported boundary condition
The simply supported boundary for the thin L-shape plate is now considered. The problem is performed in the same manner as the free one above but the simply supported boundary condition is taken instead. The computed results gained by the MK-based mesh-free method are presented in Table 6 , in which a comparison of the NFCs to that of the standard EFG for both regular and irregular nodal systems is given. The first six eigenmodes of the plate are provided in Fig. 6 , and the influence of the scaling and the correlation coefficients on frequencies are presented in Tables 7 and 8 , respectively. Figure 7 shows the results of the effect of the correlation parameter on the natural frequencies. A good agreement between the two methods is found. The same conclusion for the scaling and the correlation parameters given in the previous example is obtained. This implies that 2 ≤ α ≤ 4 and 1 ≤ θ ≤ 100 should be chosen in practice so that the method can give a good solution; otherwise a high error is encountered.
Thin plate with a complicated shaped hole
A thin plate with a hole of complicated shape is considered as the next numerical example in this section. The geometric relevant parameters found in the studies of Note: The correlation coefficient θ = 20 is fixed. Note: The scaling factor α = 2.8 is indicated. Fig. 7 . Variation of the NFCs vs. the correlation parameter θ of the simply supported thin Lshape plate.
Liu [2003] and Liu and Chen [2001] are employed. Two distributions of 134 and 506 nodes are given in Fig. 8 . Other parameters concerning the materials are the same as the L-shape plate. A scaling factor of 3.0 and a correlation parameter of 40 are specified in the implementation. Similarly, we calculate the NFCs Ω 1 , and the results for the completely free boundary conditions are presented in Tables 9  and 10 considering two important parameters θ and α, respectively. The first six eigenmodes of the free boundary condition is plotted in Fig. 9 . It is noted that Note: The scaling factor α = 3.0 is taken. Note: The correlation coefficient θ = 40 was fixed. the first three frequencies corresponding to the rigid displacements are not listed in the tables. In Fig. 9 , these rigid displacements are also involved to illustrate the accurate implementation of the proposed method. For the simply supported boundary condition, the results correspondingly obtained by the present method are presented in Table 11 and Fig. 10 , in which a comparison with the result studied by Liu and Chen [2001] for the case of S-S-S-S boundary condition is found. A good agreement is observed evidently. The first 20 eigenmodes is also presented in Fig. 11. 
Thin plate with four holes
The last numerical example examining a thin plate with four holes as depicted in Fig. 12 including its nodal distributions 131 and 457, respectively, is considered. The material parameters are the same as the L-shape plate. As above, the completely free and the simply supported boundary conditions are considered. Because no exact solutions are available for this configuration example, an appropriate solution based on the FEM (ANSYS) with a very fine mesh (95355 degrees-of-freedomDOFs) as a reference solution, is assumed to be as close as a pseudo-analytical solution. Tables 12 and 13 show the results of natural frequencies implemented by the FEM and the present method, respectively. A very good agreement is obtained. Furthermore, the first six eigenmodes are also given in Fig. 13 and compared to the results obtained by the FEM with a remarkable agreement.
Conclusion
Natural frequency analysis of classical plates by a novel mesh-free method has been reported. Different complicated geometrical shapes of Kirchhoff plates are successfully examined in terms of free vibration investigation. Several numerical examples dealt with both regular and irregular nodal distributions are considered and their results obtained are then compared with each other as well as other available approaches. A good agreement is found evidently. As a result, it successfully demonstrated the applicability and the effectiveness of the proposed method in natural frequency analysis of plate structures with complicated shape. The studies have confirmed that the choice of both the correlation parameter and the scaling factor is totally dependent upon the problems of interest. In the study, 2 ≤ α ≤ 4 and 1 ≤ θ ≤ 100 must be chosen in practice so that a reasonable solution can be obtained. Nevertheless, it can be consequently claimed that the technique is robust, efficient, and accurate. Application of the method for other problems such as laminated composite, piezoelectric, magnetoelectroelastic materials, crack problems, etc., is generally possible. The fully clamped boundary condition could be developed by two possibilities, whether applied by a Hermite-type form based approximation technique introduced by Liu et al. [2006] , Cui et al. [2009] , or smoothed techniques by Cui et al. [2010] .
